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Certain modified gravity theories predict the existence of an additional, non-conformally coupled
scalar field. A disformal coupling of the field to the Cosmic Microwave Background (CMB) is shown
to affect the evolution of the energy density in the radiation fluid and produces a modification of
the distribution function of the CMB, which vanishes if photons and baryons couple in the same
way to the scalar. We find the constraints on the couplings to matter and photons coming from the
measurement of the CMB temperature evolution and from current upper limits on the µ–distortion
of the CMB spectrum. We also point out that the measured equation of state of photons differs
from wγ = 1/3 in the presence of disformal couplings.
PACS numbers:
Among the extensions of General Relativity (GR)
which have attracted a lot of attention in the literature
are scalar–tensor theories, which are also well motivated
by some extensions of the standard model such as the-
ories with extra spatial dimensions. In cosmology, those
theories have been studied in the context of inflation and
models for dark energy as they provide a natural mech-
anism to drive a period of accelerated expansion in the
very early or late universe, see e.g. [1–3]. There are some
open questions regarding scalar–tensor theories, such as
whether the Einstein frame (EF) or Jordan frame (JF)
formulation of a given theory is the most “physical”, see
e.g. [4] and references therein for a discussion.
The EF is the frame in which the gravity and scalar sec-
tor look like GR plus a scalar field, but matter fields feel
a metric which is usually conformally related to the EF
metric gµν . In the JF formulation of the theory, matter
fields are uncoupled to the scalar, but the spin-2 and spin-
0 fields are coupled in a non–trivial way. One could also
consider more general transformations of the metric, in
which the EF and the JF metrics are not related by a con-
formal transformation, but a so–called disformal transfor-
mation, which includes derivatives of the scalar field (see
the definition in Eq. (2) below). Such possibilities were
first conceived by Bekenstein [5] and have attracted much
attention since [6]-[13] and references therein. The disfor-
mal terms considered here are motivated for example in
brane-world scenarios or theories of massive gravity.
In this paper, we consider scalar–tensor theories with
disformally coupled scalar fields and study in particu-
lar the consequences on the properties of the CMB. We
express observables in terms of the metric a (baryonic)
observer feels, to side-step the question about a frame–
independent formulation for disformally coupled fields.
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Frame–independence in conformally coupled theories has
been discussed in [14, 15].
The theory we consider is given in the EF as
S =
∫ √−gd4x [M2Pl
2
R(g)− 1
2
gµν(∂µφ)(∂νφ)− V (φ)
]
+
∑
Si[g˜
i
µν , χi], (1)
where the different matter fields χi propagate on
geodesics for metrics given by
g˜iµν = Ci(φ)gµν +Di(φ)∂µφ∂νφ . (2)
From now on, reduced Planck units are assumed: c = ~ =
kB = MPl = 1.
We consider a cosmological setting for eq. (1), where
gµν is the standard flat FRW metric, with ds
2 = −dt2 +
a2(t)δijdx
idxj . Variation of the action with respect to
the fields yields the Klein-Gordon equation for the scalar
field φ and the energy conservation equations:
φ¨+ 3Hφ˙+ V ′ =
∑
Qi , (3)
ρ˙i + 3H(ρi + pi) = −Qiφ˙ , (4)
where the couplings are given by
Qi =
C ′i
2Ci
Ti +
D′i
2Ci
φ,µ φ,ν T
µν
i
−∇µ
(
Di
Ci
φνT
µν
i
)
. (5)
Primes denote derivatives with respect to φ, dots with
respect to t and H = a˙/a is the Hubble parameter.
The stress-energy-momentum tensor, Tµνi , with T
µ
ν =
diag(−ρ, p, p, p), is assumed to be that of a perfect fluid.
To simplify our analysis without loss of generality, we
consider two coupled fluids, i.e. i = 1, 2. Then, for a FRW
cosmology with two species coupled to the scalar field, (5)
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2becomes
Q1 =
A2
A1A2 −D1D2ρ1ρ2
(
B1 − B2D1ρ1A2
)
(6)
Q2 =
A1
A1A2 −D1D2ρ1ρ2
(
B2 − B1D2ρ2A1
)
(7)
where
Ai = Ci +Di(ρi − φ˙2) ,
Bi =
[
C ′i
2
(
− 1 + 3pi
ρi
)
− D
′
i
2
φ˙2
+Di
{
3H
(
1 +
pi
ρi
)
φ˙+ V ′ +
C ′i
Ci
φ˙2
}]
ρi .
The following potential is considered
V = V0e
−λφ , (8)
to be concrete and we choose λ = 1. We assume that the
scalar field plays the role of dark energy today. In what
follows, we want to study disformal effects on its own
and therefore set Ci(φ) = 1. We furthermore treat the
couplings Di as a constant energy scale: Di(φ) = M
−4
i .
In order to study the properties of the CMB, we first
want to find a kinetic description and relate that to a
fluid description. This allows us to derive the equations
(4) from first principles. To keep the discussion simple,
we consider a single fluid with arbitrary equation of state
but our arguments are easily generalised to a model with
multiple species. We will return to the case of multiple
couplings again later. The disformal coupling for the fluid
to the scalar field will be denoted by M .
In the JF the fluid is not coupled to the scalar field
and we consider a perfect fluid of the form
T˜µν = (ρ˜+ p˜)u˜µu˜ν + p˜g˜µν . (9)
Throughout this paper, all tilde quantities are contracted
with g˜µν , whereas quantities without tildes are con-
tracted with the EF metric, gµν .
The fluid obeys the standard conservation equation
∇˜µT˜µν = 0 , (10)
where the covariant derivative is compatible with g˜µν (i.e.
∇˜µg˜µν = 0).
Assuming that the scalar field is time–dependent only,
as it is the case for a spatially homogeneous and isotropic
space-time, one finds the relationship between the Ein-
stein and Jordan frame energy momentum tensor [13]
Tµν =
√
1− φ˙
2
M4
T˜µν , (11)
where the derivative is taken with respect to t with g00 =
−1. This relation can be used to show that the equation
of state in the different frames are related by
p
ρ
=
p˜
ρ˜
(
1− φ˙
2
M4
)
. (12)
From eqns. (9), (10), (11) and (12), one can rederive
eq. (4) for a single fluid.
From a microscopic perspective, the well known defi-
nitions of the energy-momentum tensor of a fluid can be
written as integrals over phase space. In the EF and JF
we have respectively
Tµν =
∫
d3P√−g
PµP ν
P 0
f , (13)
T˜µν =
∫
d3P˜√−g˜
P˜µP˜ ν
P˜ 0
f˜ , (14)
where Pµ = dxµ/dλ and P˜µ = dxµ/dλ˜ are the photon
momenta, and λ and λ˜ are affine parameters, in the two
frames. We define the distribution functions f and f˜ as
usual by
dN˜ = dx1dx2dx3dP˜1dP˜2dP˜3f˜ (15)
and
dN = dx1dx2dx3dP1dP2dP3f . (16)
Combining eqns. (11), (13), (14), (15) and (16) with
the condition that there are no collisions in the JF i.e.
df˜/dt = 0, we find the evolution of the EF distribution
function, f , is
d
dt
(
dλ˜
dλ
f
)
= 0 . (17)
Since we are interested in the properties of the CMB,
we focus on radiation in the following. The EF Boltzmann
equation can then be derived from eq. (17), taking into
account that photons now follow disformal geodesics
P˜µ∇˜µP˜ ν = 0ν , g˜µν P˜µP˜ ν = 0 , (18)
and that dλ˜/dλ does not necessarily vanish here. Such a
result is already common in conformal theories. In fact
we find dλ˜/dλ = (1− φ˙2/M4)1/2.
In cosmology then, neglecting spatial gradients, the
Boltzmann equation is
Lˆf = P 0 ∂f
∂t
−HδijP iP j M
4
M4 − φ˙2
∂f
∂P 0
=
φ˙φ¨
M4 − φ˙2P
0f . (19)
Integrating eq. (19) over momenta again reproduces
eq. (4). We can also derive an equation for the particle
number density n,
n˙+ 3Hn = − F˙
2F
n, (20)
with F = (dλ˜/dλ)2. Note that photons travel along
geodesics defined by the metric g˜µν , but not in the EF
metric gµν . This leads to an additional term present in
3the EF Boltzmann equation, which can be interpreted as
an effective collision term, as it involves no derivatives
of f . According to [16], the equation for n and ργ imply
that the CMB does not obey the adiabaticity condition,
so that the CMB is not an equilibrium blackbody.
To summarize this part, we have presented a perfect
fluid model in a disformal geometry that is consistent
across both frames and found a consistent kinetic de-
scription. Note that the equation of state is not frame–
independent in the presence of disformal couplings (see
eq. (12)). If p˜ = 0, the pressure vanishes in the EF too,
but for photons p˜ = ρ˜/3 but p 6= ρ/3 in the EF. Note also
that the distribution function f as defined is not a frame–
independent quantity for disformal transformations.
We now return to the case of two fluids separately
coupled to the scalar field. One fluid will be radia-
tion (CMB), the other fluid will be matter (baryonic
and dark). Note that there are now three distinguished
frames: the EF, in which the action takes the form of eq.
(1). Then there is the frame in which the radiation fluid is
uncoupled, but in general matter is coupled to the scalar,
which we call the radiation frame (RF). The gravity–
scalar part of the action will have a highly-nonstandard
form. And finally, there is the frame in which matter is
uncoupled, but radiation in general is coupled. Again,
the gravity–scalar sector will have a highly–nonstandard
form. We call this last frame the JF. Note that if matter
and radiation are coupled with the same strength, the
RF and the JF coincide. It is clear from the previous dis-
cussion that the distribution function and the equation
of state depends on the frame used and observables are
therefore best expressed in the JF. We will perform the
calculations in the EF, but transform to JF quantities to
compare to data.
With this in mind, we will now discuss constraints on
the disformal theory as defined by eq. (1), with photons
coupled to the scalar field with coupling M4γ and matter
(baryonic and dark) with coupling M4m. We express the
observables in terms of the JF variables, by which we
mean we treat g
(m)
µν as the fundamental metric as this is
the metric which defines geodesics for an observer.
One of the consequences of the theory is that the mea-
sured (dimensionless) speed of light is given by
c2obs = 1−
(
1
M4γ
− 1
M4m
)(
dφ
dτm
)2
, (21)
which follows from g
(γ)
µν dxµdxν = 0. τm is the proper time
measured by an observer. The expression for cobs can also
be written in terms of EF variables as
c2obs =
1− φ˙2M4γ
1− φ˙2M4m
. (22)
We will need this expression below. Note that if Mm =
Mγ , the measured speed of light is equal to one in natural
units.
To constrain the theory, we use two observables: the
temperature evolution of the CMB as a function of red-
shift and the spectral distortion generated by the disfor-
mal couplings. The temperature evolution of the CMB
has been measured in the redshift range 0 ≤ z ≤ 3 by
various authors [17–20]. We associate an effective tem-
perature to the JF energy density of the CMB , ρ
(m)
γ , in
order to compare to these measurements. We relate this
energy density to an effective temperature T as ρ
(m)
γ ∝ T 4
[21]. The CMB temperature evolution and the spectral
distortion have been used in the past to constrain other
theories beyond the standard model (see e.g. [16] and
[22]).
Eq. (17) states that the distribution function f alone
is not conserved, but that f(dλ˜/dλ) = const. To be con-
crete, we assume that when the CMB is produced, the
distribution function is of blackbody form to a very high
accuracy with φ˙ = 0, which is the case we consider here
(therefore, we neglect any spectral distortions created in
the early universe). The observed distribution function
is given by fobs = fini(dλ/dλ˜)0 which we write in the
form fobs = (exp(ν/T +µ)−1)−1, where µ is an effective
chemical potential [23]. Then, assuming that µ  1, we
find from eq. (17)
µ = (cobs − 1) (1− e−ν/T ) . (23)
Eq. (23) closely agrees with the expression found by
[24], though we take a very different approach. Im-
portantly, our expression states that if Mγ = Mm,
no chemical potential is created. Current limits set by
COBE/FIRAS [25] of |µ| < 9×10−5 will place constraints
on the Mm ×Mγ parameter space.
Finally, we need an expression for the redshift which
is defined as [26]
1 + z =
(uµP
µ)
(m)
em
(uµPµ)
(m)
obs
, (24)
where the 4-velocity of the observer uµ = (−cobs, 0, 0, 0),
and Pµ is the measured photon momentum. Both are
JF quantities. Eq. (18) states that photons follow dis-
formal geodesics; these equations can be rewritten in
terms of the observer’s frame by using the relation
Pµ(γ) = P
µ
(m)dλm/dλγ = P
µ
(m)c
−1
obs. This in combination
with eq. (24) leads to the redshift relation 1 + z = a0/a,
as in GR.
The equations for matter, radiation (eq. (4)) and the
Klein–Gordon equation (eq. (3)) are integrated to obtain
a present day universe with density parameters Ωm,0 =
0.3 (cold dark matter and baryons), Ωφ,0 = 0.7 (dark
energy) [27] and T0 = 2.725 K (CMB temperature) [17].
The field’s initial value is fixed at φini = 1.5 MPl, while
V0 is allowed to vary.
We have then calculated the expected evolution of T (z)
(equivalent to the evolution of ρ
(m)
γ ) as a function of red-
shift for various values ofMγ . In Fig. 1, we display the nu-
merical results for acceptable models and those which are
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FIG. 1: Plot of the ratio T (z)/T0 where T0 = 2.725K, against
redshift, z, for the exponential potential. The black circle
marked at z = 0 is measured by COBE [17]. Different sets of
measurements and their corresponding errors: Those marked
with crosses are given by [19] and triangles are by [20]. There
are five lines marked on this plot and each has an asso-
ciated Mγ : Solid line is Mγ → 0,∞, dashed line Mγ =
2.203×10−5 eV, dashed line with one dot Mγ = 3×10−5 eV,
dashed line with two dots Mγ = 1.5 × 10−3 eV and dashed
line with three dots Mγ = 2.2188×10−3 eV. For this plot, we
fix Mm = 0.05 eV.
in conflict with the data, together with the measurements
[17–20]. The prediction of General Relativity (Mγ →∞),
is also included.
For large Mγ , we find that the weak coupling of φ to
radiation distorts the linear temperature-redshift relation
of GR. However, this coupling has a damping effect on the
field that increases as the coupling increases (i.e. smaller
values for Mγ). For very large couplings, the damping is
so severe that φ˙→ 0. As disformal couplings are deriva-
tive couplings, they will inevitably vanish in this limit.
This is evident from Fig. 1.
Through minimising chi-squared, an excluded region of
the Mm×Mγ parameter space is obtained. We find simi-
lar bounds by comparing the µ-distortion in eq. (23) with
measured constraints from [25], assuming frequencies of
order T0 [24]. The bounds from both analyses are shown
in Fig. 2. We stress that though the constraints from
µ-distortions are stronger than temperature-redshift re-
lation, both follow the same trend: a discrepancy between
the couplings (i.e. Mγ 6= Mm) is necessary for the disfor-
mal effects to be present.
To conclude, we would like to highlight the following
points: firstly, the equation of state for a given fluid is
in general frame-dependent under disformal transforma-
tions. Secondly, the distribution function as defined in
the standard way is frame–dependent too. Therefore, if
in one frame the distribution function is of blackbody
form, it is not so in another frame. As an application
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FIG. 2: Bounds on the Mm ×Mγ parameter space. The solid
line represents Mm = Mγ . The region enclosed by the dashed
lines is excluded by the CMB temperature evolution, the re-
gion shows the exclusion region above 68% CL. The regions
between the dashed–dotted lines are excluded by measured
constraints on the µ-distortions [25]. The shaded area is ex-
cluded from our search of the parameter space, as the numer-
ics are unreliable in that region.
for the models considered here, we found a modification
to the distribution function of the CMB photons, which
vanishes if baryons and radiation couple with the same
strength to the scalar field. We expressed observables in
the JF, by which we mean the frame where baryons are
uncoupled to the scalar field. This is in contrast to [24],
who work in the EF without referring to the JF.
Our work can be extended in several ways. To be com-
pletely general, Mm and Mγ should be allowed to depend
on the scalar field. In addition, it would be interesting to
include conformal couplings to investigate how they affect
the evolution of the scalar field and how the constraints
on the parameters are then modified. As conformal terms
require screening in higher density areas such as the so-
lar system, disformal coupling scenarios with a screen-
ing mechanism must too be investigated, see e.g. [10]. In
such theories, φ˙ is much smaller and we expect this to
suppress disformal terms. Most importantly, a study of
the evolution of perturbations is also warranted since the
disformal coupling will also affect CMB anisotropies and
growth of structure.
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